Full-scale complex dynamic models are not effective for parametric studies due to the inherent While the framework is used for identifying the robust subspaces obtained from both proper and 9 smooth orthogonal decompositions (POD and SOD, respectively), the results show that SOD 10 outperforms POD in terms of stability, accuracy, and robustness. 
ROMs built on the data generated from the simulations of a full-scale model can only be used for 28 simulating the same exact configuration of the model. This ROM might still be of great utility if 29 we can study the long-time dynamics of a system (e.g., protein folding), but cannot be utilized in 30 parametric studies, wherein we repeatedly change the parameters, input values, and energy levels.
31
In this paper, we present a new framework for obtaining persistent ROMs, which are valid within 32 a defined range of the system's energy, which is imposed by changing the input parameters. Our 33 framework can be applied to all data-based MOR methods. We make use of data from simulations 34 or experiments to develop the ROMs. Our goal is to ensure that the obtained persistent ROMs are 35 robust and can be used for simulating the system with any chosen parameter from the defined range. of POD in order to construct a priori ROM [32] [33] [34] [35] . This method has a potential for solving multi-57 dimensional problems since it doesn't require any knowledge of the solution [34, 36] . The interested 58 reader can find a review on PGD-based MOR techniques in [37] .
59
In summary, a majority of the methodologies commonly used for MOR of nonlinear systems 60 can be categorized into two groups. In the first group, nonlinear normal modes (NNMs) or their 61 approximations [38] [39] [40] [41] [42] [43] [44] are used. In the second group, combined with the Galerkin projection, Following the example of the linear systems, MOR of two large-scale, complex nonlinear systems 114 will be studied as the main subject of this paper. POD and SOD will be used for multivariate 115 analyses of the associated ill-conditioned data matrices from these systems. The POD-and SOD-116 spanned subspaces will be tested using the framework to identify the robust subspaces for persistent 117 ROM development. The resultant ROMs subjected to different energy levels will be simulated using 118 several numerical examples. The validity of the results will be investigated in terms of the stability 119 and accuracy of the ROMs.
120
The rest of this paper is organized as follows. In Section 2, the procedure for projection-based 121 nonlinear model reduction using POD and SOD is reviewed. Section 3 describes the developed 122 framework for the persistent MOR. In Section 4, the full-scale models of one linear and two nonlinear 123 systems are described. Results of the ROM simulations are presented and discussed in Section 5,
124
followed by concluding remarks in Section 6.
125
2 Projection-Based Nonlinear Model Reduction
126
We consider a full-scale model of a deterministic dynamical system that has the following form:
where y ∈ R 2n is a dynamic state variable, f : R 2n × R → R 2n is some nonlinear flow, t is time,
128
and n ∈ N is the number of the system's degrees of freedom. coordinate transformation of q = P k y, and the corresponding ROM is:
where (.) † indicates the pseudoinverse of (.).
134

Proper and Smooth Orthogonal Decomposition
135
To build ROMs using the extracted modes from the multivariate analysis, the state variable mea-
136
surements of the full-scale system are recorded to form position and velocity data matrices X ∈ R r×n 137 and V ∈ R r×n , respectively. X is composed of r snapshots of n position state variables. Similarly, V
138
is composed of r snapshots of n velocity state variables. Thus, the data matrix Y, which we call as 139 full data matrix throughout this paper, is formed by combining X and V together, i.e., Y = [X V].
140
The time derivative of X is V. To obtain a time derivative of V, or an acceleration data matrix
141
A, we can use a full model of our dynamical system, Eq. (1). Alternatively, it can be approximated 142 by A ≈ DV, where D is the matrix form of some differential operator such as forward difference. mean, the corresponding auto-covariance matrices can be formed by
In POD, we are looking for a basis vector φ ∈ R 2n such that a projection of the data matrix neighbor pairs in a particular k-dimensional subspace:
where N k fnn is the estimated number of FNNs in a k-dimensional subspace due to projection, and
175
N nn is the total number of nearest neighbor pairs used in the estimation. If ζ k is close to unity, then 176 that k-dimensional subspace is dynamically consistent. 
Subspace Robustness
Unlike LNM subspaces that are unique and not sensitive to changes in energy level, the robustness 179 of the subspaces obtained by multivariate data analysis methods is not guaranteed. In order to 
where σ i 's are proper orthogonal values of the matrix S. If all the subspaces embedded in S are 184 spanning the same subspace, then γ = 1.
185
4 Full-scale Models
186
Complexity in dynamical systems can arise for different reasons. In nonlinear dynamical systems,
187
it can be related to the size, nonlinearity, or a week coupling between the DOFs resulting in simul-
188
taneous presence of slow and fast dynamics. Here we study one large linear system as well as two 189 nonlinear systems.
190
The linear system under investigation is an n-degree-of-freedom mass-spring-damper system, as friction. The system is described by the following governing differential equations:
where n ∈ N is the number of the system's degrees of freedom and f i (t) is the external forcing
195
applied to the i-th mass.
T as the vector of 2n state variables, the
196
full state-space model of the system can be obtained as follows: T ; 0 ∈ R n×n is a zero matrix; I ∈ R n×n is an identity 198 matrix; and M, K, and C are n × n mass, stiffness, and damping matrices, respectively.
199
The first nonlinear system used here is obtained by adding a nonlinear spring to the linear 200 system as shown in Fig. 2 . In this case, the complexity is caused by the large size as well as the 201 material nonlinearity. The system dynamics are described by the following full state-space equations
202
of motion:
where everything is the same as for the linear model except nonlinear term f nonlinear (z) ∈ R 2n , which 204 has only one nonzero element:
205
The third system will be called the mass-spring-grid system throughout this paper. It has the 
213
The state-space vector to model this system is a vector of 4n variables defined as 
217 where f n,y , f n,x , and f e are given in Appendix A; and 0, I, M, K, and C are n × n zero, identity, 218 mass, stiffness, and damping matrices, respectively. 
236
We did 12 independent simulations for each system subjected to external stochastic excitations.
237
The obtained time series from each simulation had different levels of energy imposed by changing the Therefore, a total of 10,000 data points were recorded from each simulation.
245
In each case, POD and SOD were used to extract the modes out of each data set. The first k dom-246 inant modes identified from each simulation independently, spanning 12 k-dimensional subspaces,
247
were concatenated into the matrix S as explained in Section 3.2. Singular value decomposition was 248 applied to matrix S in order to extract the singular modes and the corresponding singular values.
249
Using singular values and Eq. (7), the robustness of the k-dimensional subspaces were evaluated for 250 each model and decomposition scheme.
251
The corresponding singular modes were used to obtain projections of the full-scale models' har- The parameters of the linear system were fixed as follows:
The obtained POMs and SOMs for this system are used to get the subspace robustness and dynamical The linear system subjected to harmonic excitation was simulated using the POD-and SOD- ROM could probably account for other similar conditions.
296
ROMs for nonlinear systems are expected to be more sensitive to the robustness of the cor-
297
responding MOR linear subspaces. Therefore, in case the low-dimensional subspaces have good 298 robustness, the non-robust higher dimensional subspace may destabilize the numerical scheme for 299 the model, or at least adversely affect its accuracy.
300
For investigation of the system with nonlinear spring coupling, the number of DOFs was set to 301 60 and the other parameters were fixed as follows:
This results in a rich dynamic response with two stable and one unstable static equilibrium points.
303
Subjected to harmonic forcing with Ω = 9.97 Hz, and using the forcing amplitude as a bifurcation results, which will demonstrate robustness of ROM over a range of forcing amplitudes or different 307 input energy levels.
308
The subspace robustness and dynamical consistency for this system are depicted in Fig. 9 . The for both methods is similar and reaches unity at k = 2. At k = 5, however, the dynamical consistency 314 of the SOD method slightly drops, which may affect the accuracy of the corresponding ROM.
315
While two-and three-dimensional POD subspace robustness are relatively close to unity, they One-through three-dimensional SOD subspaces do not result in persistent ROMs because their 323 subspace robustness is relatively low and also they do not capture enough energy of the system. The lowest dimensional ROM which provides accurate and robust results is four-dimensional for 327 SOD and six-dimensional for POD. The corresponding bifurcation diagrams are shown in Fig. 10 .
328
These ROMs are more than fifty times faster in simulation than the full scale model. Thus, we used strictly accurate, it still provides a faithful qualitative description the full-scale system's dynamics.
334
In addition, the results for the six-dimensional SOD are as good as the six-dimensional POD, while 335 the test shows that the four-dimensional POD is not even stable, due to the significant drop of its 336 subspace robustness at k = 4.
337
In Fig. 11 , six-dimensional POD and four-dimensional SOD ROMs are compared to the full-scale 338 model driven by the harmonic forcing with Ω = 9.97 Hz and amplitudes of 0.05, 0.14, 0.28, and 0.35.
339
The four-dimensional SOD model successfully competes with the six-dimensional POD model. For For the mass-spring-grid system consisting of twenty masses, specifying the following parameters 
The subspace robustness for POD-based MOR of this system is close to unity for k = 1, . . . , 4 and While the five-dimensional ROM is still stable, for the k = 6, 7, or 8, it loses its stability. The 
367
The performance of the studied framework for identifying the optimal subspaces for persistent we should emphasize that the obtained fast, stable, and robust-over-a-wide-energy-range ROMs 373 enabled us to study these systems in more detail. The persistent MOR framework presented in this paper can be used for improving all the 384 projection-based methods and has a good performance for parametric studies within their domain of 385 interest. However, the parametric study is only limited to the defined range of parameters and the 386 persistent model is expected to be valid only in this range. In our study, we focused on a relatively 387 wide range of parameters where the complex systems exhibit interesting dynamics, which includes 388 linearity, nonlinearity, periodicity, intermittence, and chaos. In future work, one needs to study the 
We should note that here only linear damping is considered for the system. 
